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Overview

® Motivation: study non-perturbative phenomena
(quantum geometry of D-branes)

® Open string TFT, consistency conditions:

(Ao relations, Cardy condition)

® New approach: boundary LG theory ....translates abstract
mathematical notions into concrete physical terms

® Explicit computations: minimal models, torus, (CY)




D-brane worlds

Typical brane + flux configuration on a Calabi-Yau space

OO‘I
closed string (bulk) moduli t

open string (brane location + bundle) moduli u

3+| dim world volume with effective N=1 SUSY theory

What is the exact effective superpotential, the vacuum states, etc ?

West (P, t,u) =7

Quantum geometry of D-branes

Classical geometry ("branes wrapping p-cycles", gauge
bundle configurations on top of them) makes sense
only at weak coupling/large radius:

“Gepner point”
(CFT description)

....well developed techniques (mirror symmetry)
for branes only !

and mostly for non-compact geometries.

Quantum corrected geometry:
(instanton) corrections wipe out
notions of classical geometry




The Derived Category Db(Coh(M))

Mathematicians (Kontsevich) tell us that the proper mathematical
language for describing B-branes is the (bounded)
derived category (of coherent sheaves on CY)

e more general than cohomology/ K-theory (RR U(1)charges)

keeps track of brane positions

describes bound state formation/tachyon condensation ©
(triangulated category) / \
A———B

treats branes and anti-branes on equal footing

e robust under continuous deformations (want: moduli dependence)

...we like to translate this language to one that is more familiar to physicists:
Landau-Ginzburg Theory

Roadmap

[ Category of (topol) B-type D-branes]

\
[ Category of matrix factorizations ]
\

[ Boundary Landau-Ginzburg models]

start here \

AR [ Open string topological CFT ]




The category of topological D-branes

e objects: branes D <«—— boundary conditions

e morphisms (maps): £ W <—— boundary preserving/changing
open string vertex operators

DAO

DA’ //,,

P."

| world sheet
ps O QSB/ w— /

“Quiver” diagram

Yap

Open string TFT: twisted N=2 boundary SCFT

e A typical disk correlator looks like:

e Generating function:
(ti = bulk, ua = boundary moduli)

, (2) €5
Wesr (tiyug) = <et1fD 2 Peu“fav Ya >

= Zuam---uagtin-"tilBao....am;il...in (t)
where:

Bao....am;tl....tn(t) == <¢i1\I,ao P/‘I’gll) . /\Ilt(l,lTr)L/(I)’l(,zz) '/q)’fi)>
= 8",‘1‘”"'81:7;1 ]:'al....an (t)

( fal (t)
Faras ()
Can show: infinitely many t-dependent cyclic prepotentials: Farazas (t)
falazaga (t)
..in general not integrable wrto u o
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Open/closed top. string consistency conditions |

® Recap: WDVYV equations in bulk TFT

FiimM " Frkt = FikmN' " Fnji >_< = I

® Boundary TFT: Q-closedness and factorization

QQQQ}Q}O

lead to “Aw relations” for correlators 7 (¥q,...¥,,. ) = ¥,, B

A1 .eeeQmy

S (—1)E etk (Yay - Yaps Ti—k (Vapys - Vay)s Pasi + -+ Payn) =0

k,j=0
k<j

with 79 = 0 (no tadpoles): “strong” A category

Kontsevich: D-branes indeed form a cyclic A~ category
....but there is more.

Open/closed top. string consistency condition |l

e Beyond A. we have extra constraints, involving bulk operator insertions

..they deform B>~ — BZ° _ (t)and ro(t) # 0 (weakAw)

am

(deformation theory:“Hochschild complex”)

® Bulk-boundary crossing symmetry:
o
®i

¥ =:|:bzc:

Ym

81838]4?('[}) 'I']kl 8[-7:.a0a1...am (t) =

:Z (_1)8 fao‘..amlbam2+1...am3cam4+1...am (t) 8ic7:bam1+1...a",,2 (t) 8_7"7'-611",,34_1...a.m4 (t)
0<m;<...ma<m




Open/closed top. string consistency condition lla

® Annulus factorization: topological Cardy condition

D] -

81338k‘7'_(t) nkl 8lfa0a1_,,am (t) =

:Z (_1)S ]:ao...a,mlbam2+1...amscam4+1...am(t) aifbam1+1...am2 (t) ajj:-cam3+1...am4 (t)
o<m:<..mg<m

Open/closed top. string consistency conditions llI

® These consistency conditions express abstract
TFT sewing axioms [Moore-Segal, Getzler,..];

presence of integrated insertions:
...issues of compactification of moduli space;

m—1

S (P [0 [0 [0 ) (69)

k=2

= /dv'k(f) (Vaga /)(1)/ )(1) / p Wa /1,“) .. /u(l) Yy, )
7Z<1/)a0'(/)a\/w(l) . [1‘1(1)} /7/}“ ..Awa]/ )DL /1/1(1) Dam)

Tk

+IZ<1/ e /, /d,m (1>‘kw ‘ / >

I=k+1 5

( YagWPay P/ / l) | /‘s‘;l(llkllH./wélllwam]>
[P [0 [ )P [0 [ )

®
N Z<u " p/ o H/[/,u“a,LWkP/wg}L.4.r¢vak] 4..//4[;;}37#‘;,1")) ,

“associahedron”




Summary: open top. string factorization axioms
[Hofman, HLL]

WDVV:  Fijmn™ " Furt = Fikmn™" Frjt

AOO: Z(_l)aldl—m_‘_&k"'m—j—i-k(wal cee ¢ak7 'rj—k(wakﬂ oo "/’aj)a wajJrl s wam) =0

k,j=0
K<i

Crossing:  9:9;01.F (t) n* 81 Faga,...a. (t) =
- Z (_1)8 fag...amlbam2+1...am3cam4+1...am (t) 8ifbam1+1...am2 (t) ijcam3+1...am4 (t)
0<m; <..mg<m

Cardy:  8,F.,...0.178;Fvp..0, =

— § s+éi+é2  ,c1dr | ,c2d2

— (_1) w w fag...anldlbmﬂ_l...bm2¢:2an2+1...a,n fbo...bmlclanﬁ_l...an2d2bm2+1...bm
0<nj<nz<n

0<m;<mz<m

® This is an (in general) infinite system of differential and algebraic equations...
can we ever hope to (recursively) solve them explicitly for a given model ?

Apart from spectrum, we need extra input,
in particular the three-point functions... = Landau-Ginzburg theory

Landau-Ginzburg description of B-type D-branes
[K,O,K-L,B-H-L-5]

e Consider bulk LG model with superpotential:

/ d?zd0td0~ Wie(®) + cc.
b
B-type SUSY variations induce boundary (“Warner”)-term:
/ d?2d0Td0™ (QL + Q_)Wig = / d?2d0tTdo~ (0170, + 070 _YWirg
b b

:/ dxd0 Wia
ox

e Restore SUSY by adding boundary fermions IT = (7 + 07 £)
(-..not quite chiral: DIT = E(®)|ss)

via a boundary potential: §S = / dxdO 11 J(P)
ox

Condition for SUSY: [ J(P)E(®) = Wie(P) J
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Matrix factorizations

® Physical open string spectrum: determined by the cohomolgy of
the BRST operator: QO = 8+ Qs

Qs = nJ+7TFE = <E J>
1/2Qs - Qs = Wil

e Generalization for n LG fields: need N=2" boundary fermions, and

J-E = E-J = Wiglngn

Category of Matrix factorizations is isomorphic
to D(Coh(M)) = category of B-type D-branes ! | [Orlov]

® Physical interpretation: N... Chan-Paton labels of space-filling DD pairs

Boundary potentials J,E are tachyon profiles that describe condensation to
given B-type D-brane configuration [Kapustin-Li, Lazaroiu]

Toy example |: minimal models (type Ax+2)

e Bulk superpotential (at “level k”):

WLG(w) - ki2 aht?

DO0-branes M, are described by all the possible polynomial factorizations:

My: J(z) =2z, E(z) = 25z 1, £=-1,0,...,[k/2]
Precisely matches results obtained in BCFT !

® Same is true for the open string spectrum, described by matrices that
belong to the non-trivial cohomology of the BRST operator:

2+l
Qo = ( 1 pk—0+1 > U: {Qs, P} =0, ¥ #{Qs A}

k+2




Physical spectrum: Q-cohomology

e Boundary preserving physical fields £ ~ Hom(Mp, My):
x, w = even/odd generators of boundary ring

E € Ry = C[a:,w]/(a:e‘*‘l =0, w? = k-2

fields deformation parameters Q-exact

o ={1,z,...,2*} {tkt2 tet1s.. -ta} 0.Wrg ~ 0
¢o = {1,x,...,x%} {vk+2)/25++ s V(kt2)/2—2} | gcd(J, E) ~ 0
Yo =w®{1,z,...,2°} | {wegr1,upy--.,u1} ged(J,E) ~ 0

e Boundary changing fields Wy, o, ~ Hom(Mp, , My, ) between My, and Mp,:

fields parameters | Q-exact
$t = Bt @ {1,m,...,a0%} | {vBB} | ged(Js, Br) ~ 0
PEt = Bl @ {1, ..., a0} | {ull"Bl} | ged(Js, Bi) ~ 0

(612 = min(ﬂl, 62))

Kontsevich’s triangulated category Cw

The LG model provides a concrete physical realization of a certain
Z)-graded category Cw : all maps have explicit LG representatives

®objects: DO branes (composites out of D2D2 branes): ¢ —=1,. [k/2]

°9
J®

M, = (P® == p®), JOE®=w
E®W
e morphisms (boundary Q-cohomology):
(£1) ﬂ (£1)
My, P, . P,
] E*)
~ £1,£2 21,22
—_— e il,e.r-‘?_.' '.¢i1,£2 o
a y
J®2)
M, CEE= )
E#2)
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Deforming the minimal models

Consider infinitesimal perturbations:

(SWLG (33) =

0J(x) =

SE(x) =
Generic effects:

may be restored along sub-manifolds.

k

— E tto—ix"
1=0
L

- § u€+1—awa
a=0

£
_mk—Zﬁ (Z 'U,g_|_1_a£13a>
a=0 t

® Spoils factorization, so SUSY will be broken;

® Along those, open string spectrum truncates (“boundary flow”)

® Branes may form composites

Applying the A« etc. consistency constraints

Disk correlators are uniquely determined once all constraint eqs are imposed!

Concise result for generating function:

Wesr (u, t) =

= TrV(X(u),?)

7{ Wia(z,t) logdet J(x,u)

V'(z,t) = Wia(z,t)
X(u) = diag(...xz;(u)...)
det J(z,u) = H(:c —xz;(u))

with flat bulk LG potential [DVV]:

k
Z r+2—i(t) "
1=0

Wie (t) = k-}-z

and boundary potential (tachyon profile):

£1+1 £ (11]
J = € 1+ ZOLl:O “e1+1—ama
- V2% [21] ~
— D 2o Ui T
Y=0 "3 (l1+£L2)+1—v

20

(cf Kontsevich matrix model)

R 4P [12] ~
E’YZO u% (€1 —|—122)-|-1—733

Lat+1 b2 (22] o
€ Za:O uEg—l—l—onaj




Properties of the open/closed “moduli” space

o o
—Weg(t,u) = — ?{log det[J(xz,u)] - Wira(x,t)
ou ou

= —}gTr[E%J} E:=Wirg/J

= 0 on factorization locus where (E)_ =0

[ matrix factorization locus = critical locus of effective superpotential! }

... allows to systematically map out vacuum manifold and study
composite formation (“topol. tachyon condensation”) along it

M_1XM3;

Co
\/'MOXM/Z

M;xM;
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Composite formation via boundary flows

® Boundary changing tachyon profile:

_ le u12Wi2
7= ()

® Physical realization of the “cone” construction:

U=—ul

triangle: M, ——= M,, —— C(u) —— M, [1]

J(u)
e Reproduces flow patterns known from BCFT: ] C\
0 L
Me, © Mo, = Mptj41 @ Me—j—1 A————B
SN {'u,l’lj ,u2’1:’_1...'u,11\j/2’N/2+1} ,
( E) = D Cnyae M -
el

SU(2) fusion coeffs
22




Now on to a more interesting example .....

Toy model |l: D-branes on the elliptic curve

e Simplest Calabi-Yau: the cubic torus
To: Wie = z1° +x2® + 23 +azizazs = 0

e B-type D-branes are composites of D2, DO branes,
characterized by (N2, No) = (rank(V),c1(V))

(NB: depending on Kahler parameters)

... these are mirror to A-type D1-branes
with wrapping numbers (p,q) = (N2, No)

e The “short diagonals” S are
related to 2x2 factorizations,
while the “long diagonals” L
are described by 3x3 (4x4)
factorizations

24




3x3 matrix factorization

e Simplest are the factorizations corresponding to the long diagonals L;

ag)ml ag)wg aé)mg (P—|,2,3)
7 7 2
Ji = | aPzs aPzs alPx .
B T T [Hori
RO ) ,
2 2 Qg 'T1 & T3
RS L N SNy N B ST CU Walcher]
agl) 1 agl)a:(in 243 aél) 3 ail)agl) 142 agl) 2 agl)agl) 143
E 1 2 a(zi) 1 2 aii) 1 2 aéi)
.- —~X3° — (2T T — =T — ——L—>1T —=T1° — T2 T
0 a(;) 3 agq,)agn 142 agz) 2 agl)ag,) 143 a® 1 ay)a;) 243

(i) (%) (3)
1 2 (o) 1 2 Qy 2 g
ay) 2 agl)a(;) 143 agl) 1 a§1)a;1) 243 O 3 agl)aél) 142

These satisfy J, E; = E;J; = Wiel
if the parameters satisfy the cubic equation themselves:

Wig(a;) = a1 + ax® + as® + a(t) vyazas = 0

Thus the parameters parametrize the (jacobian) torus and
can be represented by theta-sections:

() u, 7 ..flat coordinates of
o ~ @|1=£t_1_1 .

£ [ 3 } open/closed moduli space
(natural in mirror A-model)

25

Open string BRST cohomology

Solving for the BRST cohomology yields ﬂ

explicit t,u-moduli dependent,“flat”
matrix valued maps, eg (a=1,2,3): @ "
12 ‘1,31
® q=| marginal operators corr. to brane locations ®5) 2f

Hom(ﬁi,ﬁi): E = BuzQ(u,) oY
e g=1/3 tachyon operators v 3
0 F(a)
Hom(L;, £;): ¥V = i
& GY 0
ij
G000 <1§ @ *1 aglglgz)wZ (1§ @ T3
: ¢ ¢ "¢
with eg, Fj;) = 0 g ¢z Gy = ag2>i;1>"”2 aPa T3 [ m T
3

¢a C2 ¢1
@, (1) L3 @@Ll M, @ L2
g Ty Qy "y Qg " Og
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Superpotential on brane intersection

Compute 3-point disk correlators = Yukawa couplings

Wegg ~ Cape(ui, ™) TSOTOTY + ...

Cave(U1,u2,u3) = <II’§(;,)('U'17 U3)‘I’§,g) (us, ’U/2)‘I’gcl) (u2,u1))
1 dQ a b c
= 2mi Str [(—dW)®A3‘I’§3)‘I’:(32)‘I’g1)]
Final result:

4 N\
0111(7-7 5) — 667ri€1€2q3£22/2 Z q3m2/2667rim£
Choxa ('T, 5) — 667ri$1€2q3§22/2 Z q3(m—|—1/3)2/2667'r11(m—|-1/3)£
Claa(T, &) = 667ri£1§2q3£22/2 Zq3(m—1/3)2/266ﬂ'i(m—1/3)§

N\ m J

(€ = w1 +uz +us =& + 782) (Cremades et al)
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A-Model instantons

® |nterpretation of g-series: In A model mirror language, these are
contributions from triangular disk instantons whose world-sheets are

bounded by the three D1-branes:

Cabc ~/ e_SinSt ~Y qAa,bc + ooooo Lz

® The u-dependence corresponds
to position and Wilson line moduli

-

2
‘I’§3)'

® Higher point functions are determined

by the A relations, and these reflect
the composition of areas of polygons:

<‘I’12 (w1, uz) P21 (usz, u’1)11112 (ulla U;)‘I’zl(ulga U1)>

~ (U1 Wa3Wsy) (P3aPo1 Pr12P21Pes) + ... [HLN, to appear]

28




Homological mirror symmetry

® What's the underlying reason why this works ?
It is a reflection of the mirror symmetry between DO, D2
branes on the torus, and D1-branes on the dual torus.

e |n mathematical termes, it reflects “homological mirror
symmetry between the derived categegory of coherent
sheaves on T2, and the Fukaya category related to special
lagrangian 1-cycles” [Kontsevich]

® This is in turn known to be tied to certain identities between
theta-functions (addition formulas), which represent both the
morphisms and the “Yukawa”-couplings [Polishchuk]:

Oq(u1] - Opluz] = Z Oa—btcltr —uz] Ogiptc[ur+usz]

e In the LG approach, these theta-sections are carried by
the matrix valued boundary fields in just the “right” combinations
such as to reproduce the relevant addition formulas:

T3 - U5y = ) Cabe 253
29

Beyond A !

e disk correlators = theta-functions (in general, indefinite)

Thus they obey the heat equation:

0 92

{5 — W} Cao,...,an(ui) =0

Seems to arise from Cardy condition
(work in progress) D] =

e Reflects reconstruction of closed string sector
in terms of open string sector

e [nterpretation in terms of “background
independence” ?
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Tachyon Condensation (to appear)

e One can systematically apply the cone construction, and generate
matrix factorization corresponding to branes with higher RR charges
(rank(V),cl(V)) as composites out from a generating set

............... g o T. > .
K f 7 83 Ly = Poxs
N AN

N/ \
/. iy g R

........ VS W A nd

A~ K pay 8T8 * v

MA MB C(u)—>MA[1]

-\:)\51 - S3 = L

Sy > Sy = 5i ) :'- ----- ; A5 mS = P . .
NS A choice of tachyon determines outcome

NS NS

e This is much more than just adding RR charges, due
to the explicit moduli dependence of the matrices

e ...some interesting phenomena happen, eg
bound states at threshold
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Conclusions and Outlook

® math: Cat of matrix factorizations <—— D(Coh(M))

phyz: Boundary LG theory <—— Open string topological CFT

® Represent all quantities in a quiver diagram (objects and maps) by
explicit moduli-dependent, matrix-valued operators

® Combined with mirror symmetry this allows to explicitly
compute instanton-corrected superpotentials (in particular, for
intersecting brane configs).

® Generalization to M = CY 3-folds, eg quintic:

Xi W.:r = C(t) TrXXY + B(t) Tr(XXY)? +
/'\\ £f (t) (t) Tr( )* +

\ \

t... Kahler modulus, interpolates between
Gepner-point (BCFT) and large radius

..expect new results in enumerative geometry
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