@ecap: Generalities of N=2 Gauge Theo@

@ The theory is solved in terms of an auxiliary Riemann surface S;
for SU(n), itisof genus g = n — 1

@ Over singular regions in the moduli space, this surface
degeneratesin that certain 1-cycles 7 shrink to zero.

2 main parts: The corresponding periods {¢(u), ¢p(u)} ~ fw A vanish,

signalling the appearence of extra massless states ("monopoles’).
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R ina SW th ¢ rina dualit @ The shrinking 1-cycles can be associated with certain non-
® Recovering eory from string duality critical strings, whose wrappings create BPS states in space-time
@® heterotic-type Il string duality

® K3-fibrations

@ local geometry and mirror symmetry

® SW curves, blow-up in moduli space

@ Nove rigid limits

@ closed monodromy sub-problems

® vanishing 4-cycles and tensionsless, non-critical strings @ Local coordinate patches oy  desciiliferent local

® stringy effective actions approximations in terms of different, weakly coupled physical
degrees of freedonperturbative physics looks different in the
various patches.

Extend these ideas to obtain novel kinds of
exactly solvable N=2 supersymmetric (field ?) theories,
asrigid limits of known string theories....




L Heterotic-Typell String Duality J
(N=2 SUSY in d=4)

String duality Mirror symm
HT,KV

Heterotic String TypellA String TypelIB String

on K3xT2 > on CY on mirror CY’
perturbative ADE |arge radius limit
gauge symmetry

strong coupling

non-perturbative small radius:
SW theory: world-sheet tree-level:

space-timeinstantons -«—> instanton effects -«— nNOt corrected

coupling: dilaton S coupling: dilaton D coupling: dilaton D
Higgs field t Kahler moduli: S't complex strucure
moduli: z;(S,t)

heterotic typell

co/upl ing coupling

ER RN a)
M = My(S,t,..) ®/\<H(D,...)
4
/ \

C structure Q structure

Common moduli space:

vector multiplets hypermultiplets
exact in type 1IB exact in heterotic string

s

Usetree-level 11B orﬂ
mirror CY’ to derive
SW effective action,
plus gravitational

corrections !
@ J




[ K 3-Fibrations ]

Important: this duality works (naively) only for
aspecial class of Calabi-Y au compactifications
onthetypell side.....
CY’smust be K3 fibrations

..... essentially because the basic duality
Isin 6 dimensions, between type I1A
on K3 and heterotic stringon T4 (HT)

the vanishing 2-cycles

give ADE gauge symmetries
in6d

gauge particles arise from
wrapping |1A 2-branes
around these 2-cycles

the total space
is a Calabi-Yau
3-fold

base = complex plane

The non-perturbative correctionsin 4d
(ala SW) arise from
brane wrappings of the base P!

large P! = weak coupling = instanton
effects suppressed

Pt ~1/A
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[ General Scheme J

global, compact global, compact
K3 manifold Calabi-Yau manifold
fibration =

quantum corrections;

local singularity scale=sizeof P! ~ 1/A
scale=qa’

local, non-compact
ADE singularity on KS' —_— SW curve l

All what isimportant for arigid, field theory limit is
the local singularity structure of the

compactification manifold !

Univer sality:
ADE classification of "simple singularities®
- —

ADE type of gauge theories



C L ocal ADE Singularities on the K3 Surface j [FibrationsofADE Singularities]

@ We have seen that the relevant local geometry of the K3

@® Near a Ay ~ SU(2) type of singularity, K3 lookslocally like: is given (for SU(n)) by n-1 intersecting vanishing 2-spheres

Wks = e[e? +9y> +22+p] + O(?) Relevant in 4 dimensions is however not the K3, but a

CY 3-fold obtained as fibration of K3 ovép!
which isa2-sphere (vanishing 2-cycleif y — 0 )

Therefore the relevant local geometry for N=2 quantum

@ More generally, near any ADE type of singularity, K3 looks Yang-l\/{ll!stheory is simply afibration of these 2-spheres
locally like a non-compact "ALE space of ADE type": overlp- :
Wis = [Py (z,9,2)] + O()
the total space

For SU(n), IS anon-compact

N n CY 3-fold R
P,Equ}E_l)(xay,Z) = x”—Zkan_k_2+y2+22 P xIP" xIP" xIP

k=0 ) Hy(K3, Z) = Ty

"Simple singularity” of type A,,_1 ;

moduli parametergir,  ~ Casimirs of SU(n) elpl

For SU(n), thislooks like n-1 intersecting 2-spheres, whose
intersection form is nothing but the A,,_; Cartan matrix @ D2 brane wrappings around the fiber give the

o perturbative contributions to the eff lagrangian:
@ The vanishing 2-cycles of an ALE space generate the

corresponding ADE root lattice, and the global embedding of this F ~ Z(a -a;)%log(a - o)
lattice into the full lattice of al the 2-cycles of K3 _ S _
mirrors the embdding of a root lattice into the Narain The non-perturbative correctionsin 4C11| (alaSW) arise
lattice T'29,4 on the heterotic side: from brane wrappings of the base 1P
local ... Ho(ALE, Z) = T'gr(ADE) Non-perturbative, dual largeIP! = weak coupling = instanton effects suppressed
N N Type l1A string version
global ... Hy(K3, Z) = TXYxain  of theheterotic Frenkel-Kac @ This geometry is in fact exactly the one of
’ mechanism ... the corresponding Seiberg-Witten curve! [kLmvw]

typellA heterotic

7 8



[S\N Curvesfrom Local Mirror Symmetry ]

[Embedding of the SW Moduli Spac@
@ In the framework of toric geometry (which is a toolkit
especially suited to describe Calabi-Y au manifolds),

it is extremely easy to obtain the SW curves directly
from the local geometrical data.

The moduli space of the non-compact CY 3-fold looks roughly
@ One describesit by the following "mori cone vectors' (KKV):

conifold singularity (~ SW monopole)
large base space limit
Up = (17 17 _27 07 O, 07 07 RS 07 07 07 0) ba% IPl / (Weak Coupllng eXp(_S) - O )
vp, = (0,0, 1,-2, 1, 0, 0,..., 0, 0, 0, 0)
vp, = (0,0, 0, 1,-2, 1, 0,..., 0, 0, 0, 0)
vp, = (0,0, 0, 0, 1,2, 1,..., 0, 0, 0, 0) sphere M
tree as cy . . .
: fiber .| The relevant region islocated in one point,
vp 1= (0,0, 0, 0, 0, 0, 0,..., 0, 1,2, 1) '-._ namely in the intersection of the singular loci
Each vector corresponds to an equation of the fopm-1¥i+1 = Y : gleed to I bl ovr\]/ up’ tr}e po!gélof tangency
and encodes the correct intersection/fibration properties of ".‘ y Sihgular change ot variables
the various TP* '
1 i ""'Q "Exceptional Divisor":
i 1= T L 1 : : .

@ The whole system is solved by; } {z, T T T } .‘_ < Seiberg-Witten moduli space
Thisamountsto "local mirror symmetry”  of the above local geometry. PR with singularitiesat u = {A?, 00}
That is, the IIB mirror on the IIA string side is given by gl N
the algebraic curve W:Zaiyi =0 ,whichcanbe [P
cast in the form: :

- - v u
r A2n w | :
Wsw = z+ — + 2" — Z pr " P2 =0 The Seiberg-Witten theory represents a" closed monodromy subproblem”:
Thisis exactly the Seiberg-Witten curvefor the pure SU(n)
gaugetheory !

That is, one can consistently single out 2 periods (a,aD) from the CY
9

periods (X#, F4) that do not mix with the other periods under
the monodromiesin the u-plane, M, y2, M z2, M
(also: periods OK)
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G)ther Globally Consistent Sub-Theories?J]

Conjecture: all possible consistent "rigid" truncations of a string
compactification are given by closed sub-monodromy problems,
that allow to single out a subset of the periods.

Any such theory appears as consistent as the SW theory itself, since
it is on the same footing.

Any such closed subproblem definesa
canonical physical, non-perturbatively
consistent sub-theory !

Mecy

However, this does not necessarily aways give a QFT
that we already know, like SYM theory with matter.
There can be novel things like non-critical strings or
membranes..... !

Clearly such closed subproblems should always
be associated with a distinguished geometrical structure.

Consider here:
Mg ~sizeof a"del Pezzo" 4-cycleB,, inaCalabi-Yau

del Pezzo types B,, = (IP? blown up at n points;
n=0,1,....8)

..... have canonical En symmetry
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E The Physics of Vanishing 4-cycles ? J

®Related to still another kind of non-critical stringsin 6 dimensions:

Before we had (0,2) susy of strings wrapping around SW curves. "Type ll"
Here we have chiral (0,1) non-crit. strings with E8 symmetry: "Heterotic"

(“\/ES X Eg het. String”)

® Scheme:
A F-Theory heterotic string
onéellipticCY X on X x T, on K3 x Tb
oo d=12
et et d=10
X K3
___________________________________ =P _ _ . _._._._.d=6
X dual
T2 T2
___________ B Y o . |

If del-Pezzo 4-cycle B,, vanishes. 5-branein F-theory leads to
tensionless En string in d=6.

® |f we consider type llA string on the same degenerating CY X ,
we obtain the torus compactification of the En string to d=4.

This gives an effective U(1) N=2 SUSY theory in d=4, analogous to the
Seiberg-Witten theory:
mmm»> what areits properties, the effective action ?
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[ Intrinsic Formulation (B8) ]

@ Embed 4-cycle B8 into non-compact Calabi-Y au 3-fold:

mori vector:  vp, = {—6, 3,2, 1, 1, —1}

Bs normal bundle

According to our rules, thisimmediately gives:

o AN
H‘
|

1
2 3 6 6
Wg, = —5 —i—y +x° 4+ 2° + ZQJ_w (xywz122)
~ Bs singularit
2d gravity s singularity

@ Thisnon-compact 3-fold isthe 1B local mirror of the B8 4-cyclein
the embedding Calabi-Y au.

It contains all relevant information in its periods.

@ TheEuler numberis x = 2hg, , hg, =30 (Coxeter number)
Similar for the other Bn~ En; these are sub-cases

@ Thisisactually a 1-modulus sub-theory of alarger theory ;
in principle, there are 8 more moduli (E8 Wilson lines) that
could be switched on to break E8 to a subgroup (G,GMS..)
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E Properties of the Moduli Space J

2mia

® Mg parametrizedby u = ¢° ~ e + instanton corr
® Only 3 independent periods 11 = (1,a(u),aD(u)) ~(0,2,4)-cycles

® Only 3 singularities in moduli space:

large complex structure
limit of CY

Mg

conifold singularity:
massl ess hypermultipet

show: both 2- and 4-cycles (aand aD) vanish at origin.
conformal point with 00 many massless excitations,
electric and magnetically charged

® Note: Mg s a global slice through the CY moduli space,

that includes the large complex structure point.
Thisisin contrast to SW theory that is concentrated in one point,

as we have seen.
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[ Properties of the Periods]

I = (1,a(u),ap(u)) = /Q, QO = ¢$dwcll/g;lzldzg
r 8

3-cycle mirrors of (0,2,4)-cycles
The periods are killed by the Picard-Fuchs differential operator £

L-II =0, L=LE -0 @Eu2
ou

which contains the hypergeometric operator
Lp, = 6% —12u(60 + 5)(60 + 1)

Thisjust happens to be the PF operator for the éliptic curve
Py = 4+ + 25 —yYayz = 0

(" Eg eliptic singularity".....)
‘CEs O Il =0 5

Sothismeansthat O -1 =u—(1,a(u),ap(u)) = (0,w,wp)
8u N’

Ordinary torus periods

This is very similar to the usual SW periods that obey

S-(a(u), ap(u)) = (@,wp)

Suggeststo relate the del Pezzo periods IT to SW type periods
of the above torus; for this, need to find a suitable meromorphic
differential \.
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Q Geometric Reduction to Elliptic Curve j

I = (1,a(u),ap(u)> = /Q, QO = wxdwcll/lgjv;lzldzg
r 8

Evaluate explicitly the 3-cycle integrals (technical):

HE/Q — / A where
r a,B

A= %log[

\/1 + a2 + P22 + %wx} dx

\/1+x3+i¢2x2— %1#37

X

Can now explicitly obtain the periods (1,a,ap) interms of
hypergeometric functions:

d
(1,a,ap) = /—u(w,wD)—i—const. <— from /)\
u

where the ordinary torus periods are

31/4 1
@nu) = gz (EFo(w) + gFi(w)
3L/4 1
w(u) = 1572 (P&Fo(u)ﬂLEFl(U)) ,
, _ i 31/4 3 _ ori/3
1 11
1/6 )
g Fo0) = R (G )
5 5 5
Fl(U) - u5/62F1(676337u)

What we have achieved is aformulation of the del Pezzo theory in

terms of an "ordinary" Seiberg-Witten curve, with a however very
complicated differential.
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E Effective Actions near the Singularities J

Just like for ordinary SW theory, we can now write down an effective
action for each local coordinate patch, centered at any given

singularity: (prepotential Fla) = /da aD(a))
@ _u=0: conformal point

1 g
fo = 570a2+(’)(a6), 7'02621)”/3

no logarithm: vanishing beta-function

@ u=1: conifold point

ap(u) ~const + O(u—1), a(u) ~ (u—1)loglu —1] + O(u — 1)
just like for ordinary SW theory at the monopole point

@ u=00 : large complex structure limit

I = (l,a(u),aD(u)) ~ (1,log[u],log[U]2)

_ 1 3 1 2 ) 1 S : 2mila m
e ¢ t 70 —Ea+const+wez:;nghg(e )
Familiar world-sheet
instanton expansion
(nl=252,-9252,.......)
This is_very different as compared to the usual rigid

SW gauge theory, where 1\ 4¢
Jad y Foo =~ a210g[a2]+205(5)

It is intrinsically stringy, but we have here a rigid theory where
gravity isalready switched off !
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C Physical Interpretation / Conclusion j

@ We have hit in the CY moduli space a sub-space that forms a
closed monodromy sub-problem and that thus defines a consistent
physical sub-theory. What is the physics of this theory ?

@ Thisrigid sub-theory displaysintrinsic stringy behavior, in terms
of world-sheet instantons near infinity.
The constant period can be interpreted in terms of KK excitations.

Thus this sub-theory indeed behaves much like a compactified
d=6 non-critical E8-type of string !

@ The correct identification of the modulus is

non-crit. string tension
0 ~ B+iRsRyd <

T2 radii

But the compactification radii can be absorbed in an
"effective” string tension, and there are no net geometrical
parameters to vary !

@ It might be that the moduli space we found isintrinsically related
to the d=6 non-crit string itself, and not necessarily to its
4d compactification ... ?

large complex structure
limit: stringy expansion

F ~ o e27rz'£a
o = E

Mo
Conformal point:
infinitely many massless excitations
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